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If the distribution of normal velocity over the disk be 

the velocity-potential on the positive side is* 

e~** Jo ( Ar) <fife J (hr') ( 1 - — 2 ) r'&r' . ~~~ , (84) 

where 2; denotes distance from the plane of the disk. 
Expanding J (&?•')> and writing r' = a sin <^>, we find 

o Jo(/,V)(l-y * = ^pZ-Jn+iVca) (85) 

Again we havef 

/»WJ.«W(^i = i(^jfl-«4, J, 1, ^J- (86) 
Hence, putting z = in (84) we have the formula (14). 
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The Transmission of Electric Waves abound the Earth's Surface. 

By H. M. Maodonald, E.E.S. 

(Received August 16, 1920.) 

In a previous communication^ the law of decrease of the amplitude of the 
magnetic force of a train of electric waves emitted from a simple oscillator at 
the surface of a perfectly conducting sphere as the distance of the receiver 
(also on the surface) from the oscillator increases was investigated, and in a 
later communication! the effect of imperfect conduction was discussed. The 
method adopted consisted (1) in showing that the terms of the series for ^ 
where 

ty = a#T 2 2 (2^ + l)^i 1 / 2 K n+ i / 2(^i)(l-~yu, 2 )-^- J? l jg- {%K w+1/2 (^ )}, 
which contributed the principal part of i/r were those for which \n'+% —# | 

* ' Hydrodynamics, 5 1916, p. 130. 

t See Nielsen, 'Theorie der Cylmderfunktlonen,' p. 193, or-Schstfheitlein, "Theorie der 
BessePschen Funktionen,' p. 76. 

I 'Boy. See. Proe., 5 A, vol. 90, p. 50 (1914). 
§ ' Koy. Soe. Proc.,' A, vol. 92, p. 493 (1916). 
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is of the same or lower order than £ 1/3 ;* (2) in showing that the corresponding 
part of the series for i|c can be replaced by the series 

- ^o~ 2 2 3~ l 'W /s (2n+l) p/ s K 1/3 (£r«) (1 -/a 2 ) d ^j f / 3 K 2/3 (f«-«), 

where £ = 2 ^ 3 , 3 ? = G^r V3 (n + § - ^), 

and the summation extends from some value of n for which # — ■(% + J) is oi: 
the same order as ^ 1/f3 to some value of % for which % + ■£— 26 is of the same 
order as £ 1/3 ; (3) in expressing ^ d Ky^(^e~ m )/^ 3 K 2 /s(^e~ m ) as a sum of 
partial fractions of the form A^/(| 2 ^ 3 --^ 3 ) ? which is possible since 
^ 1/3 Ki/3(fe~ m ) and P /3 K 2/ 3(^ ; " 7rt ) are both integral functions of P^and, as is 
shown, the zeros of ^ 2/3 K 2 /3(^"~ 7rt ) are simple zeros; (4) in obtaining the 
principal part of the sum of the series by replacing the sum with regard to 
n by an integral, as this gives the sum of the parts of the terms which are 
oscillating most slowly; (5) in showing that the effect of the terms in the 
original series for i/r for which |u + J— zq\ is of higher order than z^' 
is negligible in comparison with the principal part thus obtained. 

The result showed that the decrease of amplitude with increase of distance 
from the oscillator was of a magnitude which made the amplitude practically 
insensible for the wave-lengths in use in wireless telegraphy at distances on 
the earth's surface from the oscillator greater than those for which the 
approximation used in the analysis for Legendre's function P n (/*.), viz., 
J {(2^-f-l) sin |#} is a sufficient approximation. As will appear later the 
appropriate expressions for the magnetic and electric forces at any point on 
the surface can be obtained by the same methods as in the previous investiga- 
tions, but it may be observed that the expressions at a great distance from 
the oscillator are not of practical interest. 

The problem of the transmission of electric waves on the earth's surface 
has been discussed by Prof. G-. N", Wafcson,f the method adopted by him being 
to replace the series by a sum of residues by means of a contour integral.J 
The discussion of this sum of residues proceeds on the assumption that it can 
be arranged as a simple converging series, but the treatment would appear to 
be inadequate. It may be pointed out that the existence of zeros of a function 
cannot be demonstrated by the use of an asymptotic expression, as all that 
could be proved in this way is that the value of the modulus of the, function 
decreases to a value less than some given value, not that it actually vanishes. 

* This also follows from a previous investigation, ' Roy. Soc. Proe.,' vol. 72, p. ,59 (1904). 

t ' Roy. Soc. Proc./ A, vol. 95, p. 83 (1918). 

% The replacement of a series in this manner appears to be originally due to Cauchy, 
and has been used by other writers, but it may be observed that the sum which replaces 
the series is in general less amenable to treatment than the original series. 
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Further, the discussion of the relative importance of the different residues 
would appear to be incomplete as it is confined to the cases where v is very 
large or | v - z | is of the same or lower order than z 1 ^, while the original 
series indicates that in general singularities of the integrand other than those 
for which \v—z\ is of the same or lower order than z 1 ^ are effective, and 
these are not dealt with. 

The expressions for the magnetic force at points on the surface of the 
sphere at a distance from the oscillator can be obtained by substituting the 
appropriate approximations for the Legendre functions and then summing 
the series as in tjie previous investigation or effecting the summation by 
the same method before the approximations are substituted. It is known* 
that if 

the sum can be written 



O m — 2" \^n — ^n+TO/ 4" 



u n + T dr + E, 



o 



where E is unimportant compared with the integral when u n+T oscillates 
slowly with r, whence it follows that the principal part of the sum of a 
converging series of this kind is given by the integral when the first term 
of the series can be neglected. This is the result used in the previous 
investigation. An expression for E as a series of integrals can be obtained 
which gives S m in the form 

j*m oo rm 

S m = iC% — U n + m )+\ U n + r dT-\-2 2 G08 2 p7rTU n + T dT, (1) 

JO p = 1 J o- 

a result which can be readily verified and which makes it possible to select 
the principal part of the sum of any number of terms of a series. The 
series for the important part of ^ isf 

~-^ " 2 S3- 1 /^o 1/3 (2^+ 1) P /3 K 1/3 (^-)(l-^)-|- / f /3 K 2/ 3 (&-«>), 

and the part arising from any one of the partial fractions whose sum 
expresses f/ 3 K 1/3 (£r™ )/f /3 K 3/3 (£r*0 such as A,/(P* - n k WJ***) admits of 
being summed completely, but to secure that terms which are not of the 
same order as the sum of the terms of the original series for which 
|ft,_l_£_2 | is of higher order than # 1/3 are not included, the method of 
summation adopted should be one which can also be applied to those terms. 
Applying the formula (1) to the series for ty, since the first term of the series 

* 'Phil. Trans./ A, vol. 210, pp. 132, 133 (1909). 
t * Roy. Soc. Proc.,' A, vol. 90, p. 55 (1914). 
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can be neglected and the series converges, the principal part of ^ is given by 
the first integral when 6 is not near to *ir, and then 



*oo 



yfr = - K z - 2 3 2 / 3 6 1 /3 % 2/3(2«, + i){p/3K 1/3 (fe--')/f /3 K 2/3 (^-'")} 



■00 



for n -f -J = % + 3 . 6~ 1 ! s zq 1 !% 

that is, substituting Heine's expression for ~P n (p), which is given by 

the above expression becomes 

f = ■*a b -V(7rt)- 1 3V 8 2- 1 ' 8 (2» + l){fVK, /8 (|fe-«)/P' 8 K» / 8(^~")} 



\l.~~*fl ) — - — (IC,, 



— oo 



•Now, as was proved in the previous investigation, all the poles of 
| 1 / 3 Ki/3(^~ 7rt )/| 2 / 3 K 2/ 3(|^" ,rt ) are in the lower half of the £ plane, therefore, 
since Q»(/a — Ot) tends to zero at an infinite distance in the upper half of the 
£ plane, when 6 is not near to or ?r, the part of the integral that depends 
on Q n (fi — Qt,) vanishes, and 



'CO 



J„CO 

that is 



'oo oo 



f = k(w0-V- 4/8 3 1 / 3 2~ 1 /3 (2»+l)2 {Aji/dV-asjk^V"/ 8 )} 

J — oo A* = 

(1— /i 3 )— Q»(/A + Oi)rf& 

or, since Q»(/£ + Oi) tends to zero at an infinite distance in the lower half of 
the £ plane, and p/ 3 = 2 2 / 3 f, 

00 ^J 

t = -«%-^3-V» 2 (2% + l)A*(l-V)-pQ«0*+(M ) 

where 

n k +%=zo + i (3x k f* z^e^'% A k = 2®*V» (Ste*)-* <rM», 

therefore 

f = -4«0<r 4/3 2 (»* + -I) (a**)-^*- 8 "* (1 -ja 2 ) -f- Q„ 0* + 00, (2) 

when 5 is not near to or 7r. When sin J 5 is a small quantity, Q n (/& + 0i) 
can be replaced by K {t (2^ + 1) sin £0}, and the expression for ^ becomes 

00 

^ = _4« tgQ -*/3 e -5Ws s i n ^ C o S i,9 J (»*+D»(3a%)-*»Ki{t(2«* + l)sinje}, 
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or substituting the asymptotic value for Ki and, retaining the principal parts 
only 

^ = -4/aTr 1 ^ (V /3 sin |- eyi 2 cos 2 %0e-*****&+™fl* S (te k yWe-^**™ l *^**& 

(3) 

The preceding analysis is identical with that of the previous investiga- 
tion,* except that the approximation for the Legendre function has been 
substituted after the summation has been effected, and the result (8) is the 
same. 

When sin \ >9 .is not small, the appropriate approximation for Q n (/^ + 0i) is 

given by 

Q n (jj, 4- Ot) = iri (2n sin 6)^ 0-fa+^-l™, 

and the corresponding expression for if becomes 

It is readily verified that, for the larger values of $, for which the ratio 
yffyfi is sensible for the wave-lengths in use in wireless telegraphy, the 
difference between the expressions (3) and (4) is insensible.*" 

As 8 approaches ir, the rate of oscillation of the terms in the series 
increases and approaches that of cos nir, and the appropriate expression]: for 
PwOO is cos nirPn (V), where ( a = cos(tt — ^) = —/j,. 

If, in the series for S m , u n = ^ n cos^tt, the formula (1) becomes 

V n + T GOB (n^T)7T(lT 



co ("ni 



+ 2 S v n+T eos(% + t)7tcos 2p7rrdr, 

p = ijo 

that is 



S m = |(^-"^+ m ) + COS^7T 



Q n4-r 



V n + r COS T7T £#T 







"Ml 

+ eos?wr 2 



V n + T {COS (2_£> + 1) T7T + COS (2^9 — 1) 7TT } (h, 







Or S m = J (%« — ^n + m) + 2 COS %7T ^ I V n+r COS (2jP + 1) ITT (It, 

and the principal part of the sum of the series, when v n+T is oscillating 
slowly with r, and the first and last terms can be neglected, is 

2 I -v n+T cos 7tt clr cos tut. 
Jo 

* < Boy. Soc. Proc./ A, vol. 90, p. 56 (1914). 

f The necessary comparison was made when the previous paper was written, but the 
result appeared to be sufficiently obvious without writing out the analysis, 
| < Phil Trans./ A, vol. 210, p. 120 (1909). 



Electric Waves around the Earth's Surface. 221 

Hence, when 6 is approaching 7r, the principal part of 



is given by 

J —00 

(1 -—^U, 2 ) ~— COS U7T df, 

where w + J = ^ + 3 . 6~ 1/3 .2o 1/3 £ ; 

now M7rt Q»(/i/ + O/<) and e nm Q n (/jb f — Oc) both tend to zero at an infinite 
distance in the upper half of the f plane, therefore 

"00 

t = kzo-'S^-WzoW -(271+1) {^ 3 K 1/3 (^— y^K^Cfe—)} 



— 00 



Again e~ ?m Q w (// + (U) and r^Qn^'- -Ot) both, tend to zero at an infinite 
distance in the lower half of the f plane, therefore 

if- = ^(T 4 ^ 3 2 2B*V8(3« t )-i e -<>«/s(2» 4 +l)e-»™(l- / t")-£ 7 

£• = «/* 

{Qn^+OO-Qn^-OO}. 

When sin -| 0' is not small this becomes 

^= --^^^(J^ Sill ^Te-^o (»-«') t + m/12 I (3^)-2/3g~l/2(3 % ) 2 /V /3 e 7rt/6 ( 7 r-60 

/c = - 

When sin | Q' is small, the expression for ty becomes, after snbstitntion of 
the appropriate approximations for the spherical harmonics in terms of the 

Eessel functions, 

_ °° 

f = -~8^7r 1 / 2 (^ 1/3 sm^ , ) 1/2 cos 2 J<9 / 2 (3x k )~We->^e-^<> 

[cos (2%+ 1) sin £0' — Itt], 
that is 

e - -2-0 (tt- 2 sin £0') t + tti/12 ^ /"3 x \-2/3 g- 1/2 (3xk) 2 ^ ^ B e m ^ (ir~ 2 sin §0') 



& = 



• (6) 



-f. g-^o (w+2 sin £0') t—n-t/12 ^ (3 X&)~ 2 I Z 6~ X l 2 (3«0 2/ W^ 6 (ir+2 sin 40') 

1- = 

As in the previous investigation,* it can be shown that the inclusion of 

* Loc. cit. } p. 57. 
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terms for which \n + h—z\ is of higher order than z 1/s ? does not affect the 
results (5) and (6). 

As i/r vanishes when •=■ tt, whereas the electric force normal to the 
surface does not vanish, it is convenient to obtain the value of E r when is 
equal to or in the neighbourhood of tt. Now 

E r = ikYzq'" 2 -^, 

OfJL 

whence the principal part of E r is given by 

oo 

7* t\ 



that is 



oo 

E r = ~4*VV2 ~ 1/3 ^ ot ~ W6 S (3x k y 2 lH-~w^ m ^ 



2/3^1/3 fi m/6 



k-0 



Jo { 2 % sin | 0' + (3 ^) 3 /^o 1/3 ^ 57rt/3 sin J 0' }. (7) 
When = tt, that is when #' == 0, this becomes 

and the important part of this is 

which, for the wave-lengths in use in wireless telegraphy, is insensible. 
Formula (7), in the neighbourhood of 0' = 0, can be treated on similar lines 
to the corresponding formula for the bright point in the shadow behind an 
object. It should be observed that, in the above method, there is no special 
difficulty connected with the point = tt. 

The formula (3) represents the effect for all distances at which the effect is 
sensible for the wave-lengths in use, and, as was shown in the former 
investigation, tends to the value 2^1 as the oscillator is approached; the 
formula (4) represents the effect for greater distances, until the angular 
distance is approaching it, when the appropriate formula is (5), when tt~0 
is not small, and (6) when 7r— is small. Formula (7) gives the electric 
force at the point = it and in the neighbourhood. 
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